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Abstract
The subject of this paper is on the propagation of disturbances causing transition in a
fully developed spiral annular flow. The problem is approached through reformulation
of the linearised equations of motion governing small-amplitude disturbances in a
parameter space that differs from what is conventionally employed for this purpose.
The alternative parameter space comprises a suitably defined Reynolds number formed
with a resultant characteristic velocity that is a vectorial sum of the axial and azimuthal
characteristic velocities of the problem, a swirl parameter that is the ratio of the
azimuthal to the axial characteristic velocity, and the ratio of the annular gap to the
mean diameter of the cylinders. In the limits of the swirl parameter assuming very
small or very large values, the newly derived generalised Orr-Sommerfeld and Squire
equations for disturbance propagation in the revised parameter space reduce to the
corresponding equations that are known and well established for the limiting cases of
disturbance propagation as the swirl parameter goes to zero or infinity respectively.
Furthermore, they also lead naturally both to the criterion that determines from the
equations themselves the analytical expression for the location of the critical layer in
spiral annular flow, and to the equation governing the flow dynamics in the critical
layer, thus revealing the effect of swirl on the critical layer.
1 Introduction
The spiral flow in the annulus between concentric circular cylinders is an example of
a flow that is susceptible to transition through combined action of several physical
mechanisms. In the particular case when the helical pattern of the basic flow stream-
lines that characterises a spiral flow results from an imposed axial pressure gradient in
conjunction with rotation of the inner cylinder alone, there are two well-known distinct
physical mechanisms of disturbance propagation that can trigger transition. These are:
1) the Tollmien-Schlichting mechanism and, 2) the Taylor mechanism. The features
of these mechanisms acting on their own come convincingly to light when transition
of the spiral flow in question in its limiting cases are contrasted with each other. The
limiting cases are when the pitch of the helix, measured through the angle the helix
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makes with the common axis of the cylinders, assumes values of either 0 or π
2
. Dif-
ferences between the Tollmien-Schlichting mechanism and the Taylor mechanism are
indeed striking and readily visible in flow visualization studies, see eg. [1]. In theory
the differences manifest themselves most convincingly when dynamical characteristics
of transition inducing disturbances in the limiting cases of the spiral flow are con-
trasted with each other. An outstanding difference between the two limiting cases is
the appearance of a critical layer within the flow when the Tollmien-Schlichting mech-
anism alone is responsible for transition, which is realised when the pitch of the helix
is 0. In contrast, no critical layer appears when the Taylor mechanism alone causes
transition as it is when the pitch is π
2
. From physical reasoning based on affinity of
disturbance propagation characteristics, one would expect that a critical layer might
arise in the spiral flow undergoing transition when the pitch of the helix of its basic
flow streamline is close to 0. It would vanish on the pitch increasing from 0, to disap-
pear entirely when the pitch reaches π
2
. It is then of scientific interest to examine when
and/or under what conditions a critical layer may arise or disappear during transition
of the spiral flow. The aim of the present work is to derive these conditions from first
principles, i.e. from the linearised equations governing propagation of small-amplitide
disturbances to the spiral flow.
The significance of the critical layer in transition is related to the generation of
Reynolds stresses, see eg. [2], [3], [4], [5], [6], [7], [8], [9]. Besides the differences
in the mechanisms referred to earlier some further pronounced differences may be
outlined. These are as follows. In the Tollmien-Schlichting mechanism transition is
induced by travelling waves of the disturbance. These are effective even in a basic
flow with straight and parallel streamlines. Curvature of the basic flow streamlines is
therefore not essential for onset of transition through this mechanism. In contrast, in
the Taylor mechanism transition is not possible in the absence of curvature of the basic
flow streamlines. When the critical layer appears, it is located at a position in the flow
where flow velocity and the phase velocity of the neutrally stable travelling disturbance
wave are equal to each other. Its location coincides with a singularity occuring in
the inviscid form of the set of linearized equations for disturbance propagation. The
singularity is most readily evident when the set of linearised equations for disturbances
are cast in a form of the Orr-Sommerfeld equation. It is then recognisable through the
coefficient of the second derivative of the wall-normal component of the disturbance
velocity changing its sign.
Outline of the present paper
In Section 2 the present state of understanding of the critical layer during transition of
spiral Poiseuille flow is subject to a brief critical review. The purpose of this Section is
to prepare ground for the reformulation of the disturbance propagatioon problem in a
spiral Poiseulle flow undertaken in the present work. It will be seen in the course of this
work that a reformulation of disturbance propagation is essential for proper imbedding
of the phenomenon in the flow of current interest in the extensively studied past work
of disturbance propagation in its two limiting cases. In Section 3 the reformulation
of the problem is introduced, which is essentially the derivation of the Generalised
Orr-Sommerfeld and Squire equations. In Section 4 the relations of the Generalised
Orr-Sommerfeld and Squire equations to the limiting cases of flows with mild and
strong swirl are illuminated. The equations for the case of mild swirl bring out the
outstanding characteristics of the critical layer in spiral flow in an analytical form. In
Section 5, the meaning of the analytical results derived are discussed and summarised.
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2 A brief critical review of the present state of understanding
of the critical layer during transition of the spiral Poiseuille
flow
When both the Tollmien-Schlichting mechanism and the Taylor mechanism are acting
simultaneously, as in the annular spiral flow, questions regarding the dominance of
one over the other in a certain region of the parameter space arise. Forms of manifes-
tation of this dominance are, as expected, of fundamental scientific interest. Physical
reasoning would lead one to expect that the Tollmien-Schlichting mechanism would
dominate over the other when the pitch of the helix is close to 0, whereas it would
be the Taylor mechanism when the pitch is close to π
2
. This expectation would in
turn lead to the possibility of a critical layer arising in the spiral flow when its helical
angle lies close to 0. Besides the mechanism as such, knowledge of the character of
the dominant transition inducing disturbance, in particular whether it is toroidal or
helical in nature, would shed light on the changes that might be expected in the ob-
servable flow pattern as the flow is taken through the parameter space, thus forming
a major step towards understanding of the complexity of transition in this apparently
simple flow. It is therefore only but natural that a large number of research papers
are devoted to studies of disturbance propagation and transition in spiral flows. A
cursory search through published literature shows them to have been appearing from
time to time, starting from the early days of transition research, see eg. the classical
book of Chandrasekhar [10], and continuing right into the present day. An insight
into the highly ramified nature of the problems arising in this and related flows is
provided by the papers of Hasoon and Martin [14], DiPrima and Pridor [15], Takeuchi
and Jankowski [16], Ng and Turner [17], papers authored or co-authored by Cotrell
and Pearlstein [18], by Meseguer and Marques [19, 20, 21], by Avila, Meseguer and
Marques [22], [23], [24], by Leclerq, Pier and Scott [25], Deguchi and Altmeyer [26],
[27], and by the authors of further references cited in these papers.
An examination of the equations for the study of disturbance propagation which
are employed in the cited references shows that the approaches taken by the authors
may be grouped under two broad headings depending upon the manner in which the
pressure disturbance is treated. In one, the pressure disturbance is treated explicitly
as an unknown, which leaves four unknowns to be determined from the four equations
that are available, viz. the momentum equations in the three directions and the
continuity equation. In the other, the pressure disturbance does not appear as an
unknown, and there are only three unknowns which are the components of the velocity
disturbance. The task then faced is to formulate an appropriate set of three equations
for determining the three components of the velocity disturbance, without loss of
substance of the subject of investigation. A study of published literature shows that
this task is carried out through procedures tailored to the basic flow. For the basic
flow with straight and parallel streamlines it is the procedure for derivation of the
Orr-Sommerfeld equation. For the basic flow with concentric circular streamlines it is
the one worked out by Taylor for the Taylor stability problem, see Taylor [29]. Both
the procedures are described in well known published literature, eg. Stuart [2], Schmid
and Henningson [7], Criminale, Jackson and Joslin [9], Chossat and Iooss [12], Meyer-
Spasche [13]. The relation between the two apparently diverse derivation procedures
for elimination of the pressure disturbance in these two basic flows does not seem to
have been a subject for discussion in published literature. A pressure disturbance
elimination procedure for the basic flow of present interest which is characterized by
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helically wound streamlines, that is worked out along lines analogous to those in the
other kinds of basic flow referred to, is also, to the knowledge of the authors, not known
from published literature. One of the objectives of the present work is to present such
a derivation procedure for the spiral Poiseuille flow that bridges the procedures for
elimination of the pressure disturbance as an unknown in basic flows with straight and
parallel streamlines on one hand and concentrically circular streamlines on the other.
At this juncture it is in order to draw attention to some salient differences between
the equations for the disturbance formulated in the two approaches just mentioned,
when they are applied to the two limiting cases considered. In the approach with the
pressure disturbance retained as an unknown, derivatives of the velocity disturbance
appear up to the second order, whereas for the pressure disturbance they are present
only to the first order. In the approach with the pressure disturbance eliminated,
fourth order derivatives of the velocity disturbance appear for both the limiting cases,
however with a subtle structural difference between the two. For the limiting case with
the basic flow described by straight and parallel streamlines, the coefficient of the term
with a second-order derivative of the velocity disturbance may pass through a zero,
whereas there is no such zero-crossing in the equation for the velocity disturbance in the
case with concentrically circular streamlines in the basic flow. It is now well known that
the zero-crossing in the coefficient of the second derivative is decisive for the occurence
of a critical layer, viz. Tollmien’s critical layer, its location being given by this zero-
crossing as an asymptotic approximation. As a matter of fact, it is the zero-crossing
of the coefficient of the second derivative of the velocity disturbance that renders the
occurence of the critical layer transparent from the governing equations themselves.
As against this, no such critical layer arises in the corresponding equations for the
basic flow with concentric circular streamlines. Neither is the critical layer discernible
from the governing equations themselves if the pressure disturbance is retained as an
unknown in their formulation.
In spiral Poiseuille flow, the strength of swirl may be characterised through the
ratio of the two characteristic velocities of the basic flow, which are the axial and
azimuthal characteristic velocities, denoted Urefx and Urefϕ respectively. When the
two mechanisms are acting simultaneously, as in the flow in question, intuition would
suggest that the disturbance propagation mechanism of the transition inducing dis-
turbance would lie closer to either the Tollmien-Schlichting or the Taylor mechanism,
depending upon the ratio of the two characteristic velocities. One would then expect
that, for an arbitrarily given value of this ratio, which may lie between between zero
and infinity, the set of linearised equations themselves that describe the velocity dis-
turbances in the swirling basic flow in the annulus would lie closer to the corresponding
set of equations for the velocity disturbances when the ratio of the two characteristic
velocities attains values of zero or infinity, as the case may be. These are the Orr-
Sommerfeld and Squire equations for the plane channel flow, possibly corrected for
the effects of transverse curvature, when the azimuthal characteristic velocity is zero,
and, Taylor’s equations for disturbance propagation in the annular gap between con-
centric cylinders when the axial characteristic velocity is zero. A close surveillance of
the published work in this area, however, shows that, when the approach with elim-
ination of the pressure disturbance is followed, the equations employed in the cited
literature to describe disturbance propagation in swirling flows do not degenerate to
the Orr-Sommerfeld and Squire equations in the absence of swirl in the basic flow.
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3 The proposed alternative formulation
The basic flow of our problem is the fully developed spiral flow in an annulus. The pro-
posed alternative approach views the phenomenon of disturbance propagation in this
flow in terms of a set of revised parameters which are going to be shortly introduced.
Conventionally, the axial and azimuthal velocity components in the basic flow of our
problem, VGx and VGϕ, are written as products of the two characteristic velocities in
the two directions, viz. Urefx and Urefϕ respectively, with the shape functions in that
order, Ux(r; ǫR) and Uϕ(r; ǫR). Here r is the radius, and ǫR =
Ro−Ri
Ro+Ri
is a measure of
the transverse curvature with Ro and Ri denoting the radii of the outer and the inner
cylindrical surfaces of the annulus. In the particular case of the spiral flow in question,
in which the flow is maintained in the wall-bounded annulus between the concentric
cylinders by an axial pressure gradient, dPG
dx
, together with the inner cylinder rotating
with an angular velocity, Ωi, a natural choice for the characteristic velocities would
be: Urefx = −H22µ dPGdx and Urefϕ = RiΩi. Here, 2H = Ro − Ri denotes the annular
gap between the cylinders, and µ the dynamic viscosity. We may note that the profiles
of the axial and the azimuthal velocity components of the basic flow, UGx and UGϕ,
depend upon the transverse curvature parameter ǫR. They may also depend upon fur-
ther parameters entering the problem, which might be the case when e.g. a cylinder
wall is prescribed to move with a certain axial translational velocity.
The revised parameters for our problem are the set constituting a characteristic
velocity, Uref , defined through U
2
ref = U
2
refx+U
2
refϕ, and a swirl parameter, S, defined
through S =
Urefϕ
Urefx
. The velocity components of the basic flow are then given in terms
of these revised parameters through the following expressions:
VGx = Uref (1 + S
2)−
1
2UGx(r; ǫR); VGϕ = UrefS(1 + S
2)−
1
2UGϕ(r; ǫR). (1)
The starting point for our work is the set of equations of motion in cylindrical co-
ordinates which may be found in standard text books on fluid dynamics, (vide e.g.
[11], [28]). Non-dimensionalisation of these equations with Uref and H as reference
quantities, setting the velocity and the pressure fields as sums of the basic flow and
a disturbance, followed by linearisation for disturbances lead to equations for small-
amplitude disturbances to the velocity and pressure fields of the basic flow. From
these linearised equations for disturbances, the pressure disturbance may be eliminated
through two different procedures which are described for the basic flow with straight
and parallel streamlines in standard works on hydrodynamic stability vide e.g. [7]. We
refer to these procedures as the Orr-Sommerfeld and Squire procedures respectively.
Carrying out these procedures in the cylindrical co-ordinate system adopted for the
present problem leads in that order to the generalised Orr-Sommerfeld and Squire
equations. They are, together with the Continuity equation, the governing equations
for our problem. The unknowns in this set of equations are only the three components
of the velocity disturbance, since the disturbance to the pressure does not appear any
longer as an unknown. Profiles of the axial and azimuthal components of the basic
flow, UGx(r) and UGϕ(r), and their first and second derivatives occur as coefficients
in the governing equations. These equations are given to the order O(r−2) in the
Appendix. For the purposes of the present work it is convenient to write the set in
a compact matrix form as follows:
Du = 0. (2)
We refer to (2) as the set of generalised Orr-Sommerfeld, Squire and Continuity equa-
tions. Here the linear differential operator, D, depends upon the Reynolds number
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Re based on the characteristic velocity Uref and the semi-gap width H as reference
quantities, on the swirl parameter S =
Urefϕ
Urefx
, and also upon the ratio of the annular
gap-width to the mean cylinder radius, ǫR. The differential operator D itself may be
written in a matrix form as follows:
D =
(
DOSr DOSϕ DOSx
DSqr DSqϕ DSqx
DCor DCoϕ DCox
)
, (3)
where the subscripts OS, Sq and Co indicate in that order the matrix partial differ-
ential operators arising from the generalised Orr-Sommerfeld, Squire and Continuity
equations, and the subscripts r, ϕ and x stand for partial derivatives operating on
ur, uϕ and ux respectively. Expressions for the operators in (3) follow from a compari-
son of (3) with (15), (16) and the continuity equation given in theAppendix. We may
draw the reader’s attention at this juncture to a salient difference between the gen-
eralised Orr-Sommerfeld equation, and Orr-Sommerfeld equation for the conventional
problem. It is that, in contrast to the conventional case in which disturbance prop-
agation in a basic flow with wall-parallel streamlines is described, in the generalised
Orr-Sommerfeld equation, the wall-normal component of the velocity disturbance ur
does not stand all by itself. The transverse curvature inherent in the geometry causes
ur to occur coupled with uϕ.
4 The relation between the generalised Orr-Sommerfeld and
Squire equations and the equations for the classical cases.
It will be shown in this section that the generalised Orr-Sommerfeld and Squire equa-
tions, (2), which are written in terms of the revised parameters, degenerate into the
known classical cases when the swirl parameter, S, approaches the limits of 0 or
∞. These are the well-established equations describing the transition mechanisms of
Tollmien-Schlichting and Taylor respectively. Besides establishing these relationships,
the equations for the limit S → 0 also show in analytical form the nature of the depen-
dence of the location of the critical layer on the parameter S. For illustrative purposes
we will demonstrate this degeneration process for the example of the fully developed
spiral flow in an annulus whose values of the ratio of the gap width to the mean radius
is small, and in conjunction with rotation of the inner cylinder alone. To this end, it
is meaningful to transform the variable from the radius r to y, where y is the radial
co-ordinate measured from the mean radius Ro+Ri
2
, non-dimensionalised with H , and
convert the partial differential equation (2) into an ordinary differential equation. The
conversion may be carried out through substitution of the standard modal ansatz
u = A(y) exp{ı(λxx+ nϕϕ)− ωt}+ c.c., (4)
in (2). In (4), A is a column vector whose components are, in a self-explanatory nota-
tion, (Ar, Aϕ, Ax)
T . Using (4) in conjunction with asymptotic expansions for UGx and
UGϕ for small values of the geometrical parameter ǫR =
Ro−Ri
Ro+Ri
= 2H
Ro+Ri
→ 0, which
may be verified to be (UGx)ǫR→0 ≃
(
(1− y2)− ǫR y(1−y
2)
3
+O(ǫ2R)
)
and (UGϕ)ǫR→0 ≃(
(1−y)
2
− ǫR (1−y
2)
2
+O(ǫ2R)
)
, casts (2) into the set of ordinary differential equations
for (Ar, Aϕ, Ax)
T . In order to facilitate comparison of the different derivatives of A in
the generalised Orr-Sommerfeld, Squire and Continuity equations with corresponding
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terms in plane channel flow it is meaningful to rewrite the converted set of ordinary
differential equations ordered according to the coefficients of the vectorial velocity
disturbance and its derivatives according to the following scheme:
K4
d4A
dy4
+K3
d3A
dy3
+K2
d2A
dy2
+K1
dA
dy
+K0A = 0. (5)
In (5), K4, ..K0 are matrices that are derivable from the matrix differential operator
D, together with the ansatz (4). They may themselves be grouped as follows:
Kk =
(
KkOSr KkOSϕ KOSx
KkSqr KSqϕ KSqx
KCor KCoϕ KCox
)
, (6)
where the subscript k stands for k = 0, 1, 2, 3 or 4. Many elements of the coefficient
matrices K0, ...K4 are zero.
From the Orr-Sommerfeld row of the equations (5, 6) we may obtain, on division
through (ıω), the ordinary generalised Orr-Sommerfeld equation that can be written in
a form that clearly brings out the similarities and differences between the classical case
of the plane channel flow and the annular spiral flow presently under consideration.
We get, including terms to the order O(ǫR):
1
ıω
1
Re
(
d4Ar
dy4
)
+
(
1− λx
ω
(1− y2)√
(1 + S2)
− ı 2
Re
λ2x
ω
)
d2Ar
dy2
−
(
1 +
λx
ω
2√
(1 + S2)
− λ
3
x
ω
(1− y2)√
(1 + S2)
)
Ar
−ǫR
[
ı
ω
2
Re
d3Ar
dy3
+
(
λx
ω
1√
(1 + S2)
y(1− y2)
3
+
nϕ
ω
S√
(1 + S2)
(1− y)
2
)
d2Ar
dy2
]
+ǫR
[
1− λx
ω
(1− y2)√
(1 + S2)
+ ı
2λ2x
ωRe
]
dAr
dy
+ǫR
[
λx
ω
1√
(1 + S2)
(
4y +
y(1− y2)λ2x
3
)
+
nϕ
ω
S√
(1 + S2)
(1− y)
2
λ
2
x
]
Ar = 0. (7)
A cursory examination of the above ordinary differential equation shows that for
ǫR = 0, (7) reduces to the Orr-Sommerfeld equation for plane channel flow that is
known from literature, eg. [11], [2], [7], [9]. For ǫR 6= 0 corrections to the classical Orr-
Sommerfeld equation arise and a surveillance of the correction terms shows that among
these, two different forms of dependence on the swirl parameter, S, are distinguishable.
In one of these 1√
(1+S2)
appears as a coefficient, and this contribution is ascribable
to the transverse curvature that is inherent in the geometry considered. The other
exhibits S√
(1+S2)
as a coefficient, and this describes the effect of swirl. Terms belonging
to the former remain small over the entire range of values of S from 0 to ∞, whereas
those belonging to the latter need not remain small when S → ∞. We will refer to
these two as cases of small and large swirl respectively, and examine them more closely.
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4.1 The case of small swirl and the critical layer
When the corrections to the equations are small, which is the case as long as the
product ǫRSnϕ remains small, we may expect the departure of the solutions from
the case S = 0 also to remain small, as long as there are no changes in the other
parameters, Re, ǫR and in the mode nϕ. This is tantamount to the expectation that
the neutral stability curves in the (Re,λx)-plane in the (Re,S, ǫR;λx, nϕ)-space bear
similarity to each other, a feature that would facilitate computational determination of
the neutrally stable surface and the critical parameters in the multi-parameter space of
Re,S and ǫR. We may note that the equation (7) that is necessary to be solved to reach
this objective, is an eigenvalue problem in which Ar is the only unknown, without any
coupling with Aϕ or Ax. Numerical methods for solving the Orr-Sommerfeld equation
in the more classical problems of hydrodynamic stability that have been developed,
tested, and are available in published literature, see eg. [7], [9], may then be expected
to be applicable for solving (7).
4.1.1 The critical layer, its location and scaling properties
The Orr-Sommerfeld equation for the case of mild swirl, (7), on comparison with
the corresponding equation for the case of the basic flow with straight and parallel
streamlines, see eg. [9], exhibits a singularity of the same nature as in the classical case.
It arises for neutrally stable disturbances in the inviscid counterpart of the problem
presently under study when the Reynolds number is large. This observation leads to
the expression for the location of the critical layer in the flow in question. Analogous
to the classical case, this singularity is removable in the complete problem through
introduction of a thin critical layer of appropriate thickness in which viscous effects are
retained. In the classical case of a basic flow with straight and parallel streamlines this
is the well-known Tollmien’s critical layer, and its thickness is O(Re−
1
3 ). Application
of the same procedure yields the scaling behaviour of the critical layer for the flow in
question.
Location of the critical layer
Inspection of (7) shows that the coefficient of the second derivative of Ar goes through
zero for neutrally stable disturbances when the Reynolds number Re is not small, as
it does in the classical case. The criterion for the location of the critical layer, y = yc,
may therefore be written as follows:
1− λx
ω
(1− y2c )√
(1 + S2)
− ǫR
(
λx
ω
1√
(1 + S2)
yc(1− y2c )
3
+
nϕ
ω
S√
(1 + S2)
(1− yc)
2
)
= 0.
(8)
For ǫR = 0 the above expression is seen to be identical with the known result, i. e.
the critical layer is located at a wall distance where the basic flow velocity and the
phase speed of neutrally stable disturbances equal each other, see eg. [9]. For ǫR 6= 0
the location of the critical layer depends, besides on S, also upon the mode of the
disturbance nϕ. It is only for toroidal modes, for which nϕ = 0, that (8) fulfills the
condition of the local flow velocity and the phase velocity of the wave equalling each
other, cf. expression for UGx in the text following (4). For the modes nϕ 6= 0 the
terms subtracted from 1 in the expression (8) may be interpreted as the inner product
of the basic flow velocity vector, (UGx, UGϕ), and the slowness vector of the wave of
the particular mode in question,
(λx,nϕ)
ω
, a concept introduced by Whitham in [30].
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The order of magnitude of the critical layer thickness
An estimate of the order of magnitude of the critical layer thickness is obtainable by
application of the same procedure as described in literature, eg. [9]), to the present
problem. To this end we introduce in the critical layer the independent variable ηc
defined through ηc = (y − yc)Remc , write (7) in the neighbourhood of the critical
layer and determine mc such that the coefficients of
d4Ar
dy4
and of d
2Ar
dy2
in (7) can
stand in balance with each other. Carrying out this procedure for the present problem
shows that a distinction has to be made between the modes of the disturbance,
i.e. between disturbances that are toroidal for which nϕ = 0, and those that are
helical for which nϕ 6= 0. For toroidal disturbances one gets the same result as in the
conventional case which is mc = − 13 . This result for mc remains applicable to helical
disturbances, nϕ 6= 0, too, only as long as the product ǫRSnϕ remains numerically
small. The equation governing Ar in the critical layer is then as follows:
1
ıω
(
d4Ar
dη4c
)
+
(
1 +
λx
ω
1√
(1 + S2)
(2ycηc)
)
d2Ar
dη2c
+ǫR
[(
λx
ω
1√
(1 + S2)
(2ycηc)
3
+
nϕ
ω
S√
(1 + S2)
ηc
2
)
d2Ar
dη2c
]
(9)
4.2 The case of large swirl
It was seen in the previous subsection that the generalised Orr-Sommerfeld and Squire
equations, (2) or (15, 16), degenerate to their classical counterparts in plane channel
flow, with corrections due to transverse curvature, as the swirl parameter, S, goes to
0. In contrast, in the other limit S → ∞, a close examination of the same set of
equations would show that the equations ( 15, 16) then do not degenerate to those
derived by Taylor for his stability problem. The noteworthy aspect of this failure is
that proceeding to the limit S → ∞ in a straightforward manner does not result in
an eigenvalue problem with a mutual coupling of Ar and Aϕ deciding its stability,
as it is the case in Taylor’s treatment of this stability problem. However, this short-
coming may be overcome through rewriting the equations (15, 16) in Taylor variables,
(tˆ, yˆ, ϕˆ, uˆr, uˆϕ, uˆx), defined through
tˆ =
t
Re
; yˆ = y; ϕˆ = ϕ; xˆ = x; uˆr = ur
Re
ǫR
; uˆϕ = uϕ; uˆx = ux
Re
ǫR
, (10)
before proceeding to the limit S →∞. One then gets the generalised Orr-Sommerfeld,
Squire and Continuity equations in Taylor variables which we write as
Dˆuˆ = 0, (11)
where the expressions for the elements of the operator Dˆ in (11) follow from a com-
parison of this equation with its detailed breakdown given below.
The generalised Orr-Sommerfeld equation for large swirl
∂
∂tˆ
[(
−∂
2uˆr
∂yˆ2
− ∂
2uˆr
∂xˆ2
)
− ǫR ∂uˆr
∂yˆ
+Re
(
∂2uˆϕ
∂yˆ∂ϕˆ
− ∂uˆϕ
∂ϕˆ
)]
+
UGx√
(1 + S2)
Re
[(
− ∂
3uˆr
∂yˆ2∂xˆ
− ∂
3uˆr
∂xˆ3
)
+ ǫR
(
∂3uˆr
∂yˆ2∂ϕˆ
− ∂
2uˆr
∂yˆ∂xˆ
)
+Re
(
∂2uˆϕ
∂yˆ∂ϕˆ
)]
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+
1√
(1 + S2)
dUGx
dy
[
ǫRRe
∂uˆr
∂xˆ
+Re2
∂2uˆϕ
∂ϕˆ∂xˆ
]
+
1√
(1 + S2)
d2UGx
dy2
Re
∂uˆr
∂xˆ
+
S√
(1 + S2)
UGϕ
[
ǫRRe
(
− ∂
3uˆr
∂yˆ2∂ϕˆ
− ∂
3uˆr
∂xˆ2∂ϕ
)
+ 2Re2
∂2uˆϕ
∂xˆ2
]
+
SǫR√
(1 + S2)
dUGϕ
dy
Re
[(
∂2uˆr
∂yˆ∂ϕˆ
+
∂2uˆx
∂xˆ∂ϕˆ
)]
+
SǫR√
(1 + S2)
d2UGϕ
dy2
[
Re
∂uˆr
∂ϕˆ
]
+
[(
∂4uˆr
∂xˆ4
+
∂4uˆr
∂yˆ4
+ 2
∂4uˆr
∂xˆ2∂yˆ2
)
+ ǫRRe · 2 ∂
3uˆr
∂yˆ∂xˆ2
+Re · 2∂
3uˆϕ
∂yˆ3
]
= 0. (12)
The generalised Squire equation for large swirl
∂2uˆϕ
∂tˆ∂xˆ
+
1√
(1 + S2)
UGx
[
Re
∂2uˆϕ
∂xˆ2
]
+
1√
(1 + S2)
dUGx
dy
[
ǫR
∂uˆr
∂xˆ
]
+
S√
(1 + S2)
UGϕ
[
ǫRRe
∂2uˆϕ
∂ϕˆ∂xˆ
]
+
[
∂3uˆϕ
∂xˆ3
+
∂3uˆϕ
∂xˆ∂yˆ2
]
+ ǫR
∂2uˆϕ
∂xˆ∂yˆ
= 0. (13)
The Continuity equation for large swirl
∂uˆr
∂yˆ
+ ǫRuˆr +Re
∂uˆϕ
∂ϕˆ
+
∂uˆx
∂xˆ
= 0. (14)
It may be verified that, proceeding now to the limit S → ∞, the above set of
equations, (12, 13, 14) get reduced for toroidal disturbances, ∂
∂ϕ
= 0, to the equations
set up by [29] for the classical problem of stability of the flow in the gap between
rotating cylinders. It may be noted in this context that Re2 may be replaced by the
Taylor number Ta, and Re by
√
Ta since Re2 = Ta, see eg. [9].
5 Discussion, Conclusions and Outlook
The set of generalised Orr-Sommerfeld, Squire and Continuity equations derived, (2)
or (15, 16, 17) with homogeneous boundary conditions for A, is an eigenvalue problem
for the complex frequency ω = ωr + ıωi that depends upon the three parameters,
(Re,S, ǫR) and the mode of the disturbance, nϕ. In the present state of the art
this eigenvalue problem is not tractable through analytical means that extract the
nature of the dependence of the eigenvalues on the parameters, making it inevitable
to obtain this information only numerically. The task then remaining is to extract the
globally critical Reynolds number out of the neutrally stable surfaces defined through
ωi(Re,S, ǫR) = 0 over the entire range of possible modes nϕ. The computational
task involved is too voluminous to be accomodated within the present short paper.
It is therefore meaningful to focus attention in this paper on such inferences on the
characteristics of transition that can be drawn directly from the equations themselves.
A point that seems to have been overlooked in published literature up to now is
that in both the limiting cases, which belong to classical problems of flow transition,
the set of known and well established equations governing small-amplitude disturbance
propagation may be understood as approximations of one and the same set of equa-
tions. These are obtainable from the set of generalised Orr-Sommerfeld, Squire and
Continuity for basic flows with helical streamlines viewed in the revised parameter
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space. The well known equations for the particular cases of transition in plane chan-
nel flow and for Taylor instability in the flow in the gap between concentric circular
cylinders with rotation of the inner cylinder are both recoverable from the generalised
Orr-Sommerfeld, Squire and Continuity equations on setting the Swirl parameter, S,
to either 0 or ∞ respectively.
A feature of interest brought out by the set of generalised Orr-Sommerfeld, Squire
and Continuity equations themselves follows from a cursory inspection of the coefficient
of the second derivative of Ar in (5), analogous to the case of the basic flow with
straight and parallel streamlines. A critical layermay then arise when transition occurs
at a sufficiently high Reynolds number and the coefficient of the second derivative of Ar
passes through zero. It is worth noting in this context that it is the Reynolds number
based on Uref that is decisive, and this depends upon both the characteristic velocities
of the problem on hand, viz. Urefx and Urefϕ. It follows herefrom that the location of
the critical layer is governed not merely by the swirl and geometric parameters, S and
ǫR, but also by the mode of the disturbance, describable through nϕ. Furthermore,
the thickness of the critical layer scales with Re−
1
3 a result that, although formally is
the same as in the classical case of no swirl, expresses dependence on swirl since Re is
formed with Uref which in turn depends upon both the characteristic velocities Urefx
and Urefϕ.
The question that then arises, as to whether the transition initiating disturbance
of the spiral flow at given values of S and ǫR is toroidal or helical, remains open at
this stage. Answering this question calls for a comparison of the local critical Reynolds
numbers, which are neutrally stable points in the (S, ǫR)-space at which
dRe
dλx
= 0,
over the range of interest of S and ǫR for different modes of disturbance nϕ. Such a
comparison of the local critical Reynolds numbers calls first for obtaining values for
the local critical Reynolds numbers over a wide range of values of (S, ǫR) for different
modes, nϕ, which, in the present state of the art, can be done only numerically.
The finding from the present analysis may be summaised as follows:
The conclusion that the critical layer, when it arises, is located at a wall distance where
the axial flow velocity and the disturbance wave speed equal each other holds only
when the transition initiating disturbance is toroidal in nature, not helical. Whether
the transition initiating disturbance is toroidal (nϕ = 0) or helical and with which
value of nϕ 6= 0, would depend upon the Swirl parameter, S, and the ratio of the gap
width to the mean radius, ǫR, and this requires numerically solving the eigenvalue
problem and analysing the solutions obtained.
The author gratefully acknowledges the benefit of discussions with Professors Rod-
dam Narasimha, FRS, K. R. Sreenivasan and Jeanette Hussong on the subject of this
paper.
Appendix: The generalised Orr-Sommerfeld, Squire and
Continuity equations in fully developed annular spiral flows
The generalised Orr-Sommerfeld equation
∂
∂t
[
−∂
2ur
∂r2
− ∂
2ur
∂x2
− 1
r
∂ur
∂r
+
1
r
∂2uϕ
∂r∂ϕ
− 1
r
∂uϕ
∂ϕ
+O(r−2)
]
+
1√
(1 + S2)
UGx
[
1
r
∂3ur
∂r2∂ϕ
− ∂
3ur
∂r2∂x
− 1
r
∂2ur
∂r∂x
− 1
r
∂2uϕ
∂r∂ϕ
− ∂
3ur
∂x3
+O(r−2)
]
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+
1√
(1 + S2)
dUGx
dr
[
1
r
∂ur
∂x
+
1
r
∂2uϕ
∂ϕ∂x
+O(r−2)
]
+
1√
(1 + S2)
d2UGx
dr2
∂ur
∂x
+
S√
(1 + S2)
UGϕ
[
−1
r
∂3ur
∂r2∂ϕ
− 1
r
∂3ur
∂x2∂ϕ
+
2
r
∂2uϕ
∂x2
+O(r−2)
]
+
S√
(1 + S2)
dUGϕ
dr
[
1
r
∂2ur
∂r∂ϕ
+
1
r
∂2ux
∂x∂ϕ
+O(r−2)
]
+
S√
(1 + S2)
d2UGϕ
dr2
[
1
r
∂ur
∂ϕ
]
+
1
Re
[
∂4ur
∂x4
+
∂4ur
∂r4
+ 2
∂4ur
∂x2∂r2
+
2
r
∂3ur
∂r∂x2
+
2
r
∂3uϕ
∂r3
]
= 0. (15)
The generalised Squire equation
∂
∂t
[
∂uϕ
∂x
− 1
r
∂ux
∂ϕ
]
+
1√
(1 + S2)
UGx
[
∂2uϕ
∂x2
+
1
r
∂ur
∂r
+O(r−2)
]
+
1√
(1 + S2)
dUGx
dr
[
∂ur
∂x
]
+
S√
(1 + S2)
UGϕ
[
1
r
∂2uϕ
∂ϕ∂x
− 1
r
∂2ux
∂ϕ2
+
1
r
∂ur
∂x
]
− S√
(1 + S2)
dUGϕ
dr
[
1
r
∂ur
∂ϕ
]
+
1
Re
[
∂3uϕ
∂x3
+
∂3uϕ
∂x∂r2
+
1
r
∂2uϕ
∂x∂r
− 1
r
∂3ux
∂x2∂ϕ
− 1
r
∂3ux
∂r2∂ϕ
]
= 0.
(16)
The Continuity equation
1
r
∂(rur)
∂r
+
1
r
∂uϕ
∂ϕ
+
∂ux
∂x
= 0. (17)
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